I. INTRODUCTION
In the world of marine plankton, there exists a large number of species with a wide diversity in body size from sub-micrometer, such as marine virus, to a few centimeters, such as Pleurobrachia. Some plankton use contractile elements (cilia and flagella) and appendages to propel themselves. 1 Paramecium uses a time-reversible synchronous viscous rowing which should not produce any propulsion in a quasi-steady Stokes regime. 2 However, the protist propels forward by coasting inertially for a small distance after the recovery stroke. Wang and Ardekani analytically derived a fundamental equation of motion for small organisms that swim by means of surface distortion and quantified unsteady inertial effects. 3 They showed that unsteady inertial forces, i.e., history or Basset force and added mass force, which were traditionally neglected in the literature for small swimming organisms, are of the same order as Stokes forces for Paramecium and cannot be neglected. Their results predict that both the transient and long time motions of these small organisms deviate dramatically from the prediction of quasi-steady Stokes solution as the product of Strouhal and Reynolds numbers (organism's Stokes number) grows above unity. The goal of the present paper is to include the role of convective inertia, which is important for organisms of size O(≥ 1 mm). Inertial forces also have significant effects on biomixing in aquatic environments and the effective diffusivity of passive fluid particles decays as Re −0.61 , 4 where Re is the Reynolds number. Despite wide implications of inertial swimming in marine ecosystems, the effects of convective inertia on the kinematic motion of small organisms and their induced flow field are rarely discussed in the literature.
The discussion of inertial effects for steady flow past a rigid particle has a long history. 5 Flow past a sphere in a zero Reynolds number regime was calculated by Stokes. 6 Whitehead attempted to extend Stokes solution to a higher order approximation by expanding in powers of a small, but nonzero, Reynolds number. 7 The second approximation to the velocity of streaming flow past a sphere using the regular perturbation method does not satisfy the far field boundary condition, and higher approximations diverge at infinity which is referred to as "Whitehead's paradox". Oseen resolved this paradox by demonstrating that the perturbation solution has a singularity at the far field and the convective inertial effects of the stream at the far field cannot be neglected compared to the viscous effects. 8 The landmark paper of Proudman and Pearson 9 utilizes matched asymptotic expansion to solve the problem. The role of inertia on the swimming of small organisms was first discussed by Reynolds 10 for small-amplitude undulation of the Taylor 11 infinite swimming sheet. Tuck 12 corrected Reynolds' work, which only included local inertia, and showed that swimming velocity decreases as simultaneous convective inertial effects increase. Small-amplitude swimming of a deformable body of finite size was carried out by Felderhof. 13 They used regular perturbation expansion in the amplitude of deformation and showed that the second-order time-averaged translational and rotational velocities are nonzero. They assumed that the first-order flow field is irrotational and the vorticity is generated to the second order in the perturbation theory.
In order to determine the inertial effects on both the flow field and kinematic motion of a swimming organism, we use an archetypal model called "squirmer," which is widely used in the literature to study low Reynolds number hydrodynamics of bio-locomotion. The squirmer model with a spherically shaped body propels using wavelike deformation of the outer surface 14 and describes the self-propulsion of ciliates moving by synchronized metachronal beating of cilia on their surface, 15 such as Volvox 16 and Paramecium. The squirmer model has been used to study the hydrodynamic interaction between two swimmers, 17 bio-mixing, 4 and effects of density stratification on self-propulsion. 18 Unsteady squirmers have been used to study the nutrient uptake of microorganisms, 19, 20 unsteady interaction between two unsteady swimmers 21 and unsteady propulsion of small organisms. 3 The movement of cilia on the surface of spherical organisms can be modeled with a tangential velocity of the surface and by neglecting radial displacements of cilia. Therefore, the surface motion v s * is expressed as
where θ is the spherical polar angle measured from the swimming direction, and B n (n = 1, 2) are constants. Different signs of β = B 2 /B 1 distinguish two kinds of swimmers. In the case of β > 0, thrust is generated in front of the organism such as Chlamydomonas, referred to as puller. In the case of β < 0, thrust is generated behind the body, called pusher. In this paper, we quantify the role of inertia on the locomotion of a squirmer and its corresponding induced flow field by utilizing singular perturbation theory. After obtaining an analytical expression for the stream function in an inertial regime up to the second approximation, we quantify the role of inertia on the motility, detectability, and energy expenditure of a swimming organism.
II. ANALYTICAL DESCRIPTION OF INERTIAL SQUIRMER
Here we study the inertial locomotion of a spherical squirmer that propels itself by the tangential surface motion v s * , swimming with the velocity U in a quiescent Newtonian fluid. Since squirmer's motion can be regarded as an axisymmetric motion, stream function ψ * is utilized to describe the flow field. Both the radial velocity u * r and tangential velocity u * θ are expressed in the spherical coordinates system (r * , θ , ϕ) whose axis lies along the swimming direction:
where η = cos θ ; r * is the radial distance from the origin of the system. In order to facilitate the analysis, we introduce dimensionless parameters: where a is the radius of the squirmer. The momentum equation in the frame of reference translating with the swimmer and corresponding boundary conditions are given as
where
Here, Re = Ua/ν and ν is the kinematic viscosity.
III. PULLER AND PUSHER: SINGULAR PERTURBATION METHOD
Similar to the problem of streaming flow past a sphere, utilizing regular perturbation theory for a self-propelled squirmer in a non-negligible Reynolds number regime leads to inappropriate second approximation. Blake's solution 15 does not provide a uniformly valid first approximation to the solution of (4)- (7), and it breaks down at distance r ≥ O(Re −1 ) since inertia and viscous forces are comparable, and the radius of the squirmer is not an appropriate characteristic length scale at the far field. Whitehead's paradox can be avoided by using the momentum diffusion length scale ν/U to rescale the governing equations. Therefore in the outer region, Oseen variables are defined as ρ = Re · r, = Re 2 ψ and the momentum equation can be written as
where E 2 ρ and L ρ are the same operators as defined in Eq. (7), but the derivatives are calculated with respect to the Oseen variable, ρ, instead of the Stokes variable, r. The expansion of stream function in the inner and outer regions can be written as
where g n and G n satisfy the following relations:
Without loss of generality, we can assume that g 0 (Re) = 1 and G 0 (Re) = 1.
A. The leading terms of the inner expansion, ψ 0
The governing equation for the leading term in the inner region can be obtained from Eq. (4) as
The general solution of this equation is
where C n , D n , E n , and F n are constants, and
where P n is the Legendre polynomial of the first kind of degree n. Instead of satisfying the boundary condition (5) at infinity, as done in Blake, the boundary condition at infinity is obtained from the matching condition (Re 2 ψ| r 1 ⇔ | ρ 1 ). The first approximation to the solution in the outer region is obtained from the boundary condition at infinity, Eq. (5), as 0 = ρ 2 Q 1 . Constants D n (n ≥ 2) and C n should be zero to satisfy the boundary condition at infinity. Correspondingly, the leading order radial and tangential velocities in the inner region are
. E n and F n can be specified after utilizing the boundary condition on the surface of the squirmer, Eq. (6). Thus, the stream function ψ 0 is calculated as
As it is clear from Eq. (16), the first approximation to the solution in the inner region is different from Blake's solution. In the Stokes limit, the term linearly proportional to r disappears since U = 2/3B 1 and Blake's solution is recovered.
B. The second term of the outer expansion
The leading order term of the outer expansion is obtained from the free-stream condition (in the frame of reference translating with the squirmer) at infinity which is equal to the swimming velocity. Thus, the outer expansion is written as
After substituting the outer expansion in Eq. (8), we have
Equation (19) can be solved using the transformation introduced by
and it can be simplified as
The general solution of Eq. (20) that vanishes at infinity and η = ±1 can be used to derive the following equation for 1 :
where K n+
ρ) is a modified Bessel function and A n are the constants to be determined. 9 It is not necessary to solve Eq. (21) . Instead, we can calculate further matching boundary conditions by expressing this equation as a function of the Stokes variable, r, and calculate its contribution to E 2 r ψ
For small values of ρ, Eq. (22) should not contain terms of greater order than unity as shown in detail by Proudman and Pearson. 9 Since (
A n = 0 (n ≥ 2).
The leading order contribution of Eq. (22) to E 2 r ψ can be written as
On the other hand, the solution of stream function in the inner region, Eq. (16), gives
This leads to
and Eq. (21) reduces to
The solution of this equation can be written as
C. The second term of the inner expansion
After substituting the inner expansion of the stream function ψ = ψ 0 + g 1 · ψ 1 + . . . into Eq. (4), we have 
where g 1 (Re) = Re. The solution to Eq. (30) can be described as ψ 1 = 4 n=1 h n Q n , where h n (r) are defined as
In order to determine γ 1 , we use the matching condition and rewrite the highest order terms (in r) of the inner solution, ψ 1 , as a function of Oseen variables 
Thus,
and γ 
IV. KINEMATIC MOTION OF AN INDIVIDUAL ORGANISM
The propulsion velocity of the squirmer can be calculated by utilizing the force-free condition. The hydrodynamic force acting on the swimmer's surface, S, is evaluated as
The dimensionless force acting on the squirmer along the swimming direction can be expressed as
Thus, the dimensionless swimming velocity U can be derived by solving the following quadratic equation and it depends on β and Reynolds number alone:
(39) The dimensionless velocity up to the O(Re) correction can be written as 3U/2B 1 ∼ 1 − 0.11βRe.
V. FLOW FIELD OF A SQUIRMER AT B 1 = 0 (STIRRER)
When B 1 = 0, the squirmer does not propel forward. Instead, it generates a vortical flow that mixes the fluid around it. In this case, we use B 2 as the characteristic velocity scale instead of the swimming speed U. The relevant stream function ψ s can be solved using a regular perturbation theory as
where Re = aB 2 /ν.
VI. RESULTS AND DISCUSSION
Results reveal that fluid inertia encountered by the organism can have a major effect on its flow field, motility, and energy expenditure. The speed of the swimmer in the finite inertial regime relative to that in the Stokes regime is plotted in Figure 1 . Inertia enhances the swimming speed of a pusher, while hindering it for a puller. The change in swimming speed can exceed 60% at Re > 1 and β = 5. The difference between pusher and puller can be understood by considering how inertia perturbs the flow field. This is shown by the plots of streamlines and contours of velocity magnitude in Figure 2 . As the pusher swims down, it forms a region of close streamline in front. The size of this region compresses due to inertia (see Figures 2(a) and 2(b) ). In contrast, for a puller the region of close streamline is behind the organism and its size enlarges due to the presence of inertia (see Figures 2(c) and 2(d) ). The deviation of the swimming speed from Blake's solution enhances as β increases. As noted by Doostmohammadi et al., 18 β is proportional to the stresslet component and the vorticity generated by the organism. For a neutral swimmer (β ∼ 0) inertia has a negligible effect in the range of Re < 1. In order to explain higher motility of inertial pushers, we plotted the stress component along the direction of motion in Figure 3(a) . A pusher drags fluid from the sides toward its body and expels it from the front (θ = 0) and back (θ = π ). Consequently, the stress acting on the squirmer's body is compressive in the front and back. Inertia reduces these stresses for a pusher and leads to a smaller dimensionless stresslet B 2 /U. Consequently, a pusher have a larger swimming speed U compared to the Stokes solution since B 2 is kept fixed in both inertial and Stokes regimes to enable comparison of the same organism in the two regimes. The dimensionless vorticity for a pusher is shown in Figure 3 (b) and is smaller than the one calculated based on the Stokes solution. Everything is opposite for a puller; the puller drags fluid from the front and back toward its body and expels it from the sides. The stress acting on the squirmer's body is extensional in front (θ = 0) and back (θ = π ). The dimensionless stresslet B 2 /U is more pronounced due to inertia and thus the puller is slowed down compared to the Stokes solution. In the case of the puller, there is a drag force acting on the squirmer on its front and back and propulsive trust on its sides. Comparison of the stress on the surface of the squirmer calculated for the force-free Stokes solution with the one obtained from inertial solution evaluated for U = 2/3B 1 shows that the drag force acting on the pullers' back, within the region of closed streamline, does not change when inertial forces are included whereas the drag force acting on its front increases due to inertial forces. In this case, the propulsive trust does not balance with the drag force and the force-free condition cannot be satisfied. Thus, the puller propels at smaller swimming speed to reduce its drag so that it balances with its propulsive trust. A puller generates a larger vorticity compared to its counterpart in the Stokes regime (see Figure 3(c) ). In summary, a pusher in an inertial regime has a better motility but less effectively mixes the fluid. On the other hand, a puller in an inertial regime has reduced motility but more effectively mixes the background fluid and generates stronger feeding currents.
The primary fitness cost of motility is the energy expenditure due to swimming and it can be quantified by calculating viscous dissipation. The swimming efficiency is defined as the ratio of power necessary to pull the swimmer's body at its swimming speed F * p U to the rate of work done by the swimmer P * :
where F * p = 6πμU a(1 + 3/8Re) is the force required to drag the spherical squirmer body in a non-negligible Reynolds number regime. The dimensionless rate of work done by the swimmer is equal to the rate of viscous dissipation due to the steady nature of the problem and is calculated as P = P * /μU 2 a = − S n · σ · ud S. The stress is scaled with μU/a, where μ is the dynamic viscosity of the fluid. This surface integral is directly evaluated to the O(Re) by using the stream function in the inner region, given as ψ = ψ 0 + Reψ 1 , where ψ 0 and ψ 1 are calculated in Eqs. (16) and (31). The swimming efficiency of an inertial squirmer is obtained as
where Re (β) is the O(Re) correction to the rate of viscous dissipation. The O(Re) correction to the swimming efficiency is then obtained as
Re.
As plotted in Figure 4 , swimming efficiency is enhanced as Reynolds number increases. The increase in swimming efficiency is stronger for a pusher squirmer. This can be explained by considering contours of velocity magnitude (see Figures 2(b) and 2(d) ). The velocity gradients and consequently the viscous dissipation are smaller for a pusher squirmer compared to a puller. The puller's smaller swimming efficiency in the inertial regime is also related to the enhanced induced vorticity explained earlier. Energy expenditure, P, increases with inertia for a puller due to enhanced mixing while it decreases for a pusher due to reduced mixing compared to their counterpart in the Stokes regime. The leading order terms of the inner solution for an inertial squirmer described in Eq. (16) can be described by superposition of uniform flow (r 2 Q 1 ), Stokeslet (B s rQ 1 ), stresslet (B t Q 2 ), potential dipole (B o r −1 Q 1 ), and potential quadrapole (B t r −2 Q 2 ). In the Stokes flow regime, there is no Stokeslet contribution due to the force-free condition at zero Reynolds number regime. Since B s = 0, the slowest decaying term scales as r −2 , which is contributed by a stresslet. Once the convective inertial effects are not negligible, velocity decays as r −1 and B s is nonzero. It should be noted that there is no Stokeslet in the far field due to the force-free condition, the Stokslet flow field is only present in the inner solution. The strength of this term is quantified in Figure 5 as a function of Reynolds number. Previously Drescher et al. 23 showed that the flow field generated by a Volvox has Slower decay in the inertial flow disturbances generated by a squirmer leads to larger detectability by a predator. Detectability can be quantified by calculating the volume in which fluid disturbances generated by the organism exceed a threshold. 24 The detection volume based on a threshold of |u| > 0.3 can increase up to 20% at Re = 1 and β = 5 due to inertial effects as shown in Figure 6 . Foraging rates of predators that detect prey based on hydromechanical signals are related to the detection volume. Our results suggest that aquatic organisms that generate thrust behind their body can be detected more easily by their predators as inertial effects increase. This is due to higher motility of a pusher in an inertial regime. The situation is different for a puller at a low Reynolds number Re < 0.5, where there is a trade-off between lower detectability and smaller motility. At Re > 0.5 the detectability increases with Reynolds number. 
VII. CONCLUSIONS
In this paper, we quantify the role of convective inertial forces on both the disturbed flow field generated by a swimming organism and its swimming speed in the limit of non-negligible Reynolds number. The first and second approximations to the stream function are derived utilizing matched asymptotic expansion. We found that the inertia of the fluid increases the swimming speed of a pusher; however, the effect is opposite for the puller. This effect cannot be neglected for milliliterto centimeter-size organisms for which Reynolds number is not negligible. Swimming efficiency for both pusher and puller squirmers enhances with inertia. The propulsion cost enhances for a puller while reduces for a pusher. Our results suggest that pushers have higher motility and generate smaller feeding currents. Whereas, pullers are less motile in an inertial regime and produce larger feeding currents compared to their counterparts in the Stokes regime. For the case of non-streaming organisms (stirrers), inertial effects are negligible compared to streaming organisms (B 1 = 0).
